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We present an efficient algorithm for calculating multiloop Feynman integrals perturbatively.
1. Recently, a new method has been proposed to calculate Feynman integrals of multiloop diagrams perturbatively [1].
Together with the solution procedure for graphical recursion relations developed in Ref. [2], this should ultimately lead
to the completely automatized computer generation of perturbation expansions of eld theories up to high orders which
are needed in all strongly coupled fluctuating eld systems, for example those needed to explain critical phenomena
[3]. So far, expansions have been limited to seven loops only [4,5], which are barely sucient to yield critical exponents
[6] with an accuracy comparable to experimental data [7].
In this note, we would like to show how the expansion can be performed most eciently, such that it can be carried
out on a computer to high orders in a limited time.













where ak are integer-valued powers. The line momenta qk are linear combinations of the loop momenta pl. This is a
special case IDak = I
D
ak
(1, 1) of a function














As in Ref. [1], we have introduced a parameter η which leads to a perturbation expansion in powers of η to be evaluated
at the end at η = 1. In addition to Ref. [1], however, we have also introduced n extra parameters ck, also to be set
equal to unity at the end, which will serve as convenient source parameters for generating the desired expansion in a
rotationally invariant way.




































we rewrite IDak(η , ck) as



















We now take advantage of the source terms to take the \interaction" out of the integral in the form of a dierential
operator with respect to ck:













































The Gaussian integral on the right-hand side can now be performed yielding the simple explicit expression




















Inserting the power series expansion (5) into (6), and carrying out the dierentiations we obtain for ck = 1 the desired
perturbation expansion for IDak(η )  IDak(η , 1).
Note that while the entries of the matrix M depend on the routing of the loop momenta through the dierent lines,
detM is invariant except for trivial relabelings of the parameters ak and ck.
In principle, the derivatives on (detM)−D/2 can now be carried out directly. However, applying the derivatives
to multiple derivatives of (det M)−D/2 is quite time-consuming. In the calculations it turns out that two successive
derivatives of detM with respect to the same variable ck always vanish. In addition, higher than L-th derivatives
on detM vanish. Taking advantage of these properties, we write down the following formula, which, despite of its
apparent complexity, is very useful for the practical calculations on a computer:
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Γ(−D/2− k + 1)(detM)
−D/2−k. (9)
The range of the summation indices k12, k123 . . . can be specied by the followig relations to the numbers of derivatives
on the left-hand side of (8) as follows:
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The summations in (8) are restricted to nonnegative integers k1, . . . , kn.













Its η -generalized version is also exactly solvable












To make contact with the general formula (6), we identify
q1 = p1, a1 = a, M = 2a1(c1), detM = 2a1c1. (13)
and nd directly the perturbation expansion in any dimension D, which we may rewrite in an exponential (cumulant)
form



















D(D + 2)(D2 + 2D − 2)
1920a5
η 5 +O(η 6)
io
. (14)
This expansion can easily be continued to higher order. It can be veried by inserting Sterling’s formula for the
Gamma functions at large arguments into the exact expression (12).
For even D it is easy to see that IDa (η ) is analytic at the origin of the complex η -plane, since there exists a simple
product representation











1− kη/a . (15)
It’s expansion in η is convergent for nη < a. For η = 1, this translates into n < a, which is the condition for the
original integral to be convergent.
4. As a nontrivial example, take the integral of the watermelon diagram treated in [1] only in D = 2 dimensions:
ID = 
 s s = Z dDp1(2pi)D dDp2(2pi)D dDp3(2pi)D 11 + p21 11 + p22 11 + p23 11 + (p1 + p2 + p3)2 . (16)
This integral has the powers
a1 = a2 = a3 = a4 = 1, (17)
and we identify the line momenta as
q1 = p1, q2 = p2, q3 = p3, q4 = p1 + p2 + p3, (18)
3
such that the matrix Mab is
M = 2
0@ c1 + c4 c4 c4c4 c2 + c4 c4
c4 c4 c3 + c4
1A , (19)
det M = 8(c1c2c3 + c1c2c4 + c1c3c4 + c2c3c4). (20)
The sum (8) is now nontrivial:
∂m1
∂cm11


































































































C((k1 + k2 + k3 + k4) + (k12 + k13 + k14 + k23 + k24 + k34) + (k123 + k124 + k134 + k234)) (21)
with
k1 = m1 − k12 − k13 − k14 − k123 − k124 − k134,
k2 = m2 − k12 − k23 − k24 − k123 − k124 − k234,
k3 = m3 − k13 − k23 − k34 − k123 − k134 − k234,
k4 = m4 − k14 − k24 − k34 − k124 − k134 − k234, (22)
and the restriction that k1, k2, k3, k4, k12, k13, k14, k23, k24, k34, k123, k124, k134, k234 are nonnegative.
















Using Eqs. (22) and (23), we can write (21) for ck = 1 as
∂m1
∂cm11









































(m1 − k12 − k13 − k14 − k123 − k124 − k134)!(m2 − k12 − k23 − k24 − k123 − k124 − k234)!
 1
(m3 − k13 − k23 − k34 − k123 − k134 − k234)!(m4 − k14 − k24 − k34 − k124 − k134 − k234)!






















Γ(−D/2− k + 1) . (25)
All summation variables are again nonnegative, and
k12 + k13 + k14 + k123 + k124 + k134  m1, (26)
k12 + k23 + k24 + k123 + k124 + k234  m2, (27)
k13 + k23 + k34 + k123 + k134 + k234  m3, (28)
k14 + k24 + k34 + k124 + k134 + k234  m4. (29)












27D2 + 14D − 32
4096
η 3 +










































η 5 − 16177
262144





























η 5 − 581
8192





η 8 +O(η 9)

, (32)
thus extending considerably the expansions in [1].
































The Feynman integral diverges at large momenta. This manifests itself in a pole between η = 0 and η = 1 at η = 8/9,
which shows up in a Pade approximation to the right-hand side.
5. The above method is capable of rendering perturbation expansions for Feynman integrals with many loops. After
setting η = gB/(1 + gB), reexpanding all series in powers of gB, and inserting them into the perturbation expansions
of gBφ4-eld theories in powers of the bare coupling constant gB, we obtain the new type of power series expansions
in powers of gB proposed in Ref. [1]. Their resummation at innite coupling strength with the methods developed
in [3] is expected to yield more accurate critical exponents than presently available. The perturbation expansions of
two- and four-point functions will be sucient [8] to obtain three independent critical exponents , which determine all
others via scaling relations.
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It is interesting to observe that the reexpansion of (30) in powers of gB yields for not too large D alternating signs






D(D + 2)h 9
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1024− 274D + 27D2
4096
g3B +






















































































































For D = 3 one nds the rst nonalternating coecient in front of g8B.
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